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We study the entanglement cost of the states in the antisymmetric space, which consists of (d— 1) 
d-dimensional systems. The cost is always log 2 (d — 1) ebits when the state is divided into bipartite 
C d ® (C d ) d ~ 2 . Combined with the arguments in |(|, additivity of channel capacity of some quantum 
channels is also shown. 
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The concept of entanglement is the key for quantum communication, quantum computing and quantum information 
£NJ , processing. One candidate to quantify entanglement is entanglement of formation. In 2], it is shown that the 
entanglement cost E c to create some state can be asymptotically calculated from the entanglement of formation. 
In this sense, the entanglement cost has an important physical meaning and is significant quantity. The known 
)—} • results are, nevertheless not so much 0, because it consists of minimization. In this paper, we pay attention to 

| antisymmetric states that are easy to deal with. Also, Holevo capacity of quantum channels induced by antisymmetric 
spaces is discussed. 

As for antisymmetric states, the following things are known, for example. The entanglement of formation for two 
states in S (C 3 *) is additiveQ, where C 3 is defined later. Furthermore, the lower bound to entanglement cost of 
density matrices in d-level antisymmetric space, obtained in is log 2 ^zj ebit. Recently, one of the author showed 
that the entanglement cost of three-level antisymmetric states in S (C 3 ) is exactly one ebitpj. In this paper, we show 
that the entanglement cost on S(C d ) is equal to log 2 (d — 1), which includes Q| as a special case. 

Let C d be span c {|1), |2), . . . , \d)} and d > 3. We first define the antisymmetric states which consist of d— 1 particles 
\ with SU (d) symmetry as follows: 

C* :=span c {|l) a ,|2) a ,...,|d) a }cC d ® ( ^ 1) , 

where |«i) a := , 1 £\ ... . ei 1 i 3 ...i d \h) ® • ■ • ® \id), 1 < i\,h,---,id < d and e is totally antisymmetric tensor. 

When d = 4, for example, |1) Q = (|234) - |243) + |342) - |324) + |423) - |432» /y/E. Suppose U G SU(d) acts on C d 
as U\i) =J2jUj\j), then on Cf, 
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where we have used the fact that the totally antisymmetric tensor ej 1 ...j d are invariant under U® d . The Hermitian 
conjugate of U in right-hand side suggests that Cf is the dual (contragredient) space of C d [jj. The corresponding 
Young diagrams are 

d=D, d*=rn W-l. 



Notice that the dimension of these spaces is dimC d = dimC" = d, though C d is a multiparticle space. Here, let us fix 

the space of Alice and Bob as C d — A <£> B; A := C d ,B := £. d ® < ' d 2 \ and consider the entanglement between Alice 
and Bob. The entanglement of formation Ef is defined as follows: 

E f (p) =mf J2PjS(teB\Tpi)(ipi\), (2) 
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where Pj and \tjjj) are decompositions such that p = Ylj Pjl^^i^jl- Let A d be a 'partial trace channel', or CP map 
from S(C*) to S(C d ) with A d (p) — trgp. Eq. implies the channel A d is contravariant, 



Furthermore, simple calculations show, 



U\i)aa(j\) = 



_ / ^(u-mi) (i=j) 



(3) 



Because dimC^ = d, for any \tp) E there exists an element U of SU(d) with |<0) = ^^,(£7^)^ |fc) a . Hence, due to 
contravariancy of the channel A^, we have 

S(A d mm = S(UA d (\i)aa(i\)tf) = S(A d (\i)aa(i\)) = S (^j(U - |*)<i|)) = log 2 (rf - 1). (4) 

Proposition 1 

Let p S S(C'). Then, %(p) = log 2 (rf - 1). 



Proof F^p) = infEiPi^AdflViXVil)) = inf log 2 (d - 1) = log 2 (d- 1) 



□ 



The subadditivity of Ef is well known 0. 
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where p^- 1 are density matrices on .4(g) i3, i.e., bipartite states. Using the proposition^ we obtain the following: 

Corollary 1 n 

For any p« E S(C*), £7/ (®? =1 p w ) < E " !)• 

i=l 

To prove the inequality of the opposite direction, we use the following lemma. 
Lemma 1 (see also jlj) 

Let X be a positive semidehnite operator such that TrX = 1. Then Tr[—X log X] > — log(TrX 2 ). 

Proof Suppose f(x) := — log a; over R + . It follows from the convexity of the function / that f(J2iPi x i) — J2iPif( x i)i 
where Y^%Pi — 1) Pi ^ an d x % > 0- By setting xt = Pi(Vi), we have — a;j log^i > — log X T)- This inequality 
holds even for some Xi are equal to zero under the convention OlogO = 0. □ 

In the followings, we denote the identity map from S(JC) to S{JC) by Ijc , and by ||^|| 2 - 

Lemma 2 

For an arbitrary state p in S(K.®Cf), we have ||I/e(g ^d(p)\\ 2 = (d-iy 1 {(^ — tr C dp|| 2 + ||p|| 2 } . Here, the dimension 
of K, is arbitrary. 



Proof Decompose p E S(fC (g) C*) into the sum J2i j \i)aa{j\ ® Pij) where /Oy are operators in /C. Due to the equations 
©, we have 

\\Ik®Mp)\\ 2 = 



£ik-i 
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The first term of the last side of the equation is rewritten as follows. 



E 



53 ^ 



Hence, after all we have, 



Pic® A d (p)|| 



E E "'/'<</'/.. = ( d _ !) E "ft 

2 



(d - 2)^tr pup jj 

i¥=3 



= (d-2) 



E 



Ei 



(d-2) 



Eft 



E iift^i 2 1 = yrw { {d ~ 2) " trc * p " 2 + l|p| ' 2 ^ 



and the lemma is proven. 



□ 



Lemma 3 



For any p € 5 (/C ® ®" = i C^) , || I/c ® ®$Li A^ (p)ll < n"=i d~^7> where the dimension of K, is arbitrary. 

Proof Induction is used for the proof. First, for n = 1, the assersion follows directly from lemma|21 because ||cr|| < 1 
holds for any density matrix a. Second, let us assume the assersion is true for n — 1. Then, the lemma |2 implies, 



1=1 



1 



(d n - 2) 



n-1 

Ix;(8)0A d4 (tr c d n p) 

8=1 



n-1 
i=l 



1 f " _1 1 n-1 ^| n 



where the inequality in the second line comes from the assumption of induction. Thus, the lemma is proven. □ 



The following lemma is a bit weaker version of 'strong subadditivity' [|J. Hereafter, the reduced dencity matrix 
tr„i* „<*i-i ^i+i P is denoted by pL*j. 

Proposition 2 

For any p g S (<g£ =1 C*), F/ (p) > E?=i log 2 (^ - 1) = EHi £/(/>l c ?0- 
Proof 



F y (p) = inf£>S (g) A d .(|^-)(^l) > -frf5>log a 



lA d ,(|^)<^|) 



3=1 



n ^ n 

> -infEft log 2 IT J~[ = E log2 ^' ~ 1 )- 



3=1 J 3 = 1 

The first and the second inequality come from lemma ^ and lemma [3 respectively. 



□ 



Theorem 1 

For any p« g 5 (C*), £?/ is additive, E f (®? =1 />«) = £? =1 l°ga(* - 1) = E£=i 
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Proof From the corollary and proposition [21 this theorem holds. □ 

As a corollary of this theorem, we finally obtain the first main result: 
Corollary 2 (Main Result (1)) 

E f (p® n ) = n \og 2 (d - 1) for any peS (Cf) . Therefore, we obtain 

E e (p):= lim -E f (p^)=log 2 (d-l). 

n— *oo Tl 

Ef and Holovo capacity C(A^) are related with each other 0, 



sup {S(p) - Ef(p)}. 



Combined with proposition ^ we have, 

d 



C{K d )= sup -log 2 (d- 1) = log 2 



d- 1 



The following corollary, which is our second main result, is derived from proposition [21 using almost the same 
argument as in the appendix of ref. [|| 

Corollary 3 

Quantum channels A dt are additive, C (®" = i A<jJ = J2i=i C (AdJ = lo S2 27^1- 

Proof 

C((g)A dj ]= sup {S(p)-E f (p)}< sup \s(p)-f2 E f(p\c^\ 

\i=i / pesdg)^!^-) pes«g)7 =1 c?) I i= i J 

n n 

< sup ^{5(p| cfi )--E/(p| c ^)}<E C '( A *)- 
pes(®? =1 cj*)i=i i=i 

Here, the first inequaltiy comes from 'strong subadditivity', proposition [3 and the second inequality is due to 
superadditivity of joint entropy, S(p) < Y^=i S(p\c d i)- Combined with well-known superadditivity of Holevo 
capacity C ^-dj — 2l=i C (A^), the assertion is proven. □ 
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